Abstract. The purpose of this note is to establish a number of useful results about the augmentation ideal J for the coe cient ring F G of a Noetherian complex orientable equivariant cohomology theory. The results show that various naturally occurring substitutes for the ideal have the same radical, and can therefore be used instead of the augmentation ideal in all geometric constructions.
Statement of results.
Let G be a nite group, and let F denote a ring G-spectrum, representing an equivariant cohomology theory F G (X). When comparing the equivariant theory with the associated non-equivariant theory it is natural to measure the di erence by the augmentation ideal J(G) = ker F G = F G (S 0 ) ?! F G (G + ) = F :
When the ambient group is clear from the context it is common to simply write J, and it is one of the purposes of this note to show that it is reasonable to do this. For example if H is a subgroup of G the restriction map res G H : F G = F G (S 0 ) ?! F G (G=H + ) = F H is a ring homomorphism which allows us to regard any F H -module M as a F G -module. It is fundamental to inductive proofs to know that completions and local cohomology for the ideals J(G) and J(H) coincide. It is convenient to work entirely with ideals of F H ; the image of J(G) will not generally be an ideal, so we follow the convention that (res G H J(G)) denotes the ideal it generates. We work throughout with homogeneous ideals; for suitably periodic cohomology theories such as considered in 3] it would be su cient to work entirely in degree 0. We assume that the non-equivariant coe cient ring F is an integral domain, so that J(G) is a prime ideal; this holds in the applications, but the assumption can be relaxed at the expense of taking radicals. Much more important is that our results all depend on a niteness condition.
Finiteness Hypothesis 1.1. The ring F G is Noetherian, and for any nite complex X the module F G (X) is nitely generated over F G . This is equivalent to asking that F G is Noetherian, and that for each subgroup H, the restriction map F G ?! F H makes F H into a nitely generated module over F G .
This is a very natural hypothesis, and satis ed in many cases of interest: for example it is satis ed for equivariant K-theory. It is also satis ed by the Borel theories F G (X) = F (EG +^G X) associated to any non-equivariant multiplicative theory F ( ) Euler class e(V ) 2 F V G , by pulling back the unit map. It is usually more useful to have an element in integer degrees, so we suppose that F is complex oriented in the sense that it has Thom isomorphisms F G (S jV j^X ) = F G (S V^X ) given by multiplication with a suitable element of F jV j G (S V ); we then let (V ) 2 F jV j G denote the image of e(V ) under this Thom isomorphism. The element (V ) depends on the Thom isomorphism, but only up to a unit multiple; for convenience we assume that the Thom isomorphisms are all given by composites of those for a chosen collection of simple representations V . If G is a p-group E(G) is a good approximation to J(G). In fact it is a good approximation whenever G acts freely on a product of spheres of the form S(V 1 ) S(V n ); it is easy to prove by induction that this applies in particular to all p-groups, but the group A 4 shows that it does not apply to all soluble groups. If G does act freely on such a product we let E 0 (G) denote the ideal generated by (V 1 ); : : : ; (V n ); this will usually depend on the particular representations V 1 ; : : : V n , but we do not display them in the notation. We show that this is also a good approximation to J(G). This is also interesting for compact Lie groups, and we intend to treat this case elsewhere. We shall prove this in Section 3. Note that if G acts freely on a particular product of spheres so does any subgroup, so that if E 0 (G) is de ned, so is E 0 (H); since res G H e(V ) = e(res G H V ), we deduce res G H (V ) is a unit multiple of (res G H V ), so the special case of Theorem 1.2 in which G acts freely on a product of spheres follows from Theorem 1.4.
On the other hand, if G does not act freely on a product of spheres then E(G) is not a good approximation to J(G). Instead, for each prime p we may choose a Sylow p-subgroup P and form the ideal E 0 (P ) of F P , and then the ideal (ind G P E 0 (P )) of F G . We warn that there is no reason to believe this is generated by elements ind G P (V ) unless the restriction map is surjective. Now form the ideal IE 0 (G) = X p j jGj (ind G P E 0 (P )):
Finally, to make transfer arguments work it is worth adjoining certain elements of the augmentation ideal of the Burnside ring A(G) of nite G-sets; explicitly, we let IA(G) = ( G=P] ? jG : Pj j p divides jGj):
The unit of the ring spectrum F is given by a map S 0 ?! F. Applying equivariant homotopy, this gives a ring homomorphism A(G) ?! F G , compatible with induction and restriction, and we may let J 0 (G) = IE 0 (G) + (IA(G)); noting that this is a nitely generated ideal for any group and any coe cient ring F G . We prove that J 0 (G) is a good approximation to J(G) assuming Finiteness Hypothesis 1.1, and we believe it is a good approximation more generally. The map to a point de nes an augmentation T(k) + ?! S 0 , and hence an ideal J T(k) (G).
We prove that J T(k) (G) E 0 (G) for su ciently large k. in which the second row is a co bre sequence, and the map p :T (1) ?! W i S V i was described above. Our strategy is to consider the inverse system fF G (T (k))g k , and to show that for large enough k we have
it then follows that the composite
is zero as required. First we observe there is a natural way to calculate the cohomology of T(k) + andT (k) based on Koszul complexes from commutative algebra. Recall that for any ring R and any element we may form the cochain complex K x (R) = (R by taking tensor products and deleting the copy of the ring in the largest cohomological degree.
Thus our annihilation result is not by itself su cient, since multiplication by X would only be achieved by 2k(n + 1) steps of the system, andT(k) is only the kth: as observed in 3.2 we need to know that, for large enough k, the image of ; R) is eventually constant, since R is Noetherian. If ann(x k 0 ; R) = ann(x k 0 +s ; R) for s 0 then the composite of any k 0 successive maps in the system is zero.
For the inductive step we enrich the notation and let n+1 (k) denote the sequence x k 1 ; : : : ; x k n+1 . Thus K n+1 (k) (R) = K n(k) (R) K x k n+1 (R), so that we have a bre sequence
This gives a long exact sequence of pro-groups, which shows by induction that for j < n the inverse system fH j (K n+1 (k) (R))g k is pro-zero. Since H n (K n(k) (R)) = R=( n (k)) and fH n?1 (K n(k) (R))g is pro-zero, it also gives the exact sequence
?! fR=( n (k))g of pro-groups. Thus fH n (K n+1 (k) (R))g is pro-isomorphic to the inverse system fann(x k n+1 ; R=( n (k)))g.
However, since R is Noetherian the sequence ann(x n+1 ; R=( n (k))) ann(x 2 n+1 ; R=( n (k))) ann(x 3 n+1 ; R=( n (k))) is eventually constant, at ann(x k 0 n+1 ; R=( n (k))) say. The map ann(x k+k 0 n+1 ; R=( n (k + k 0 ))) ?! ann(x k n+1 ; R=( n (k))) thus factors through the zero map ann(x k+k 0 n+1 ; R=( n (k))) ?! ann(x k n+1 ; R=( n (k))); and fH n (K n+1 (k) (R))g is pro-zero as required.
Remark 3.6. The fact that fH n (K n+1 (k) (R))g is pro-zero is exactly the statment that x 1 ; x 2 ; : : : ; x n+1 is pro-regular in the sense of 2, 1.8], so the proof applies to that more general case.
Applying this with R = F G , we see that for each k we can nd a number s so that T(k) + ?! T(k +s) + induces zero on the E s;t 2 for s < n. The corresponding result therefore applies also to the map T (k) ?! T (k + s) except in ltration n ? 1 It is convenient to continue localised at p, and we need only show that J(G) p is not the unit ideal. Since J(G) = (res G P ) J(P), it su ces to show that J(P) q is not the unit ideal.
However, since J 0 (G) p = (res G P ) q we nd res G P ind G P E 0 (P ) res G P J 0 (G) q. It therefore su ces to prove the following theorem, for which it is only necessary to localize at the integer prime p. Theorem 4.2. For any Sylow p-subgroup P, and any p-local cohomology theory F G ( ) satisfying the niteness hypothesis q (res G P ind G P E 0 (P )) = J(P): The proof has two steps. Firstly, on a large part of E 0 (P ) the map res G P ind G P acts as multiplication by a unit in the p-local Burnside ring, and secondly that the large part of E 0 (P ) is su cient to determine the primes containing J(P).
Recall that conjugation induces a ring isomorphism c g : F P ?! F P g where P g = g ?1 Pg, and that an element x 2 F P is called stable It remains only to observe this is a p-local unit. However, A(P) (p) is a local ring with maximal ideal }(P; p) 1], so it is enough to observe that u 6 2 }(P; p). In fact }(P; p) = fx 2 A(P) j P (x) = 0 mod pg, where P : A(P) ?! Z is the ring homomorphism induced by counting the number of P-xed points in a P-set. Now note that if P \ P g 6 = P then P ( P=P \ P g ]) = 0 mod p, whilst if P \ P g = P then g 2 N G (P ). Thus P (u) = jN G (P )=P j 6 = 0 mod p;
as required.
Thus we have stable(E 0 (P )) res G P ind G P E 0 (P ) J(P);
and it su ces to show that J(P) is the unique minimal prime containing stable(E 0 (P )). It is to obtain the rst containment that we have used ind G P E 0 (P ), rather than the smaller ideal generated by the induced Euler classes. Since we are localised at p, it seems one might be able to avoid this, at the expense of complicating the argument. If P is normal in G the argument is quite easy, since W = G=P acts on F P , and thus stability coincides with invariance: in particular stable(I) = I W for any ideal I. Hence stable(F P ) = (F P ) W , and it is easy to check that Spec( F P ] W ) = Spec(F P )=W: More precisely we shall use the following well known lemma. Lemma 4.4. Suppose a nite group W acts on a ring R. Given two primes Q; Q 0 of R with (Q) W (Q 0 ) W we have wQ Q 0 for some w 2 W.
In particular, we have seen that stable(E 0 (P )) lies in any prime q containing res G P ind G P E 0 (P ).
But by 1.4 we have q E 0 (P ) = J(P); since the stable elements form a subring, passage to stable elements commutes with taking radicals, so that q stable(E 0 (P )) = stable(J(P )), and therefore stable(J(P )) q. By 4.4 this means wJ(P) q for some w; since wJ(P) = J(P) this completes the proof in case P is normal.
It remains to adapt this argument slightly to deal with the case when P is not normal.
We let r g : G=H ?! G=H g denote the G-map given by right multiplication by g in the sense that r g (xH) = xg(g ?1 Hg). Thus for example c g = (r g ?1) : F P ?! F P g . Lemma 4.5. J(P) is invariant in the sense that r g J(P g ) = J(P In view of our niteness assumptions, we may apply Quillen's results 4, Appendix B] to conclude that we understand primes. Quillen works with ungraded rings and ideals, but the result for homogeneous primes follows by considering the even graded subrings as ungraded rings and then restricting to homogeneous parts. Corollary 4.7.
Spec(stable(F P )) = lim ! Q Spec(F Q ) =G:
We may now complete the argument by proving the following lemma.
Lemma 4.8. J(P) is the unique minimal prime containing stable(E 0 (P )).
Proof: We factorise the inclusion
where j is evaluation at the stalk over P. Obviously i j I = stable(I) for any ideal I.
Suppose q is a prime of F P with q stable(E 0 (P )) and hence q stable(J(P )) by 1.4, since passage to stable parts commutes with taking radicals. Obviously stable(q) stable(J(P )), and we must show that q J(P). By Lemma 4.4 it follows that j q gj J(P) for some g 2 G, and by Lemma 4.5 gj J(P) = j J(P) is invariant.
It remains to show that the direct limit does not create any new inclusions. First note that the category Sub p (G) has the Sylow p-subgroups as maximal elements, so that the colimit is a quotient of the disjoint union of the spaces Spec(F P 0) with P 0 a Sylow subgroup. If Q 1 2 Spec(F P 1 ) and Q 2 2 Spec(F P 2 ) we declare Q 1 Q 2 if there is a subgroup Q P 1 \P 2 and a prime Q 2 Spec(F Q ) with Q i = (res P i Q ) Q for i = 1 and 2. The equivalence relation giving the quotient is generated by . This completes the proof of Theorem 1.5.
5. Radicals of restrictions. In this section we prove Theorem 1.2. Suppose H is a subgroup of G; we claim that the radical of the ideal generated by res G H J(G) is J(H). We have essentially proved this at each integer prime, so we need only formulate this precisely and deduce the integral statement.
Lemma 5.1. The ideal q (res G Q J(G)) is p-locally J(Q) for all p-subgroups Q.
Proof: Choose a Sylow p-subgroup P containing Q, and note that J(P) res G P J(G) res G P ind G P E 0 (P ), therefore by 4.2, J(P) (p) = q (res G P J(G)) (p) . This is su cient since E 0 (P ) J(P) and (res P Q E 0 (P )) = E 0 (Q). In more detail, E 0 (Q) (p) = (res P Q E 0 (P )) (p) (res P Q J(P)) (p) = res P Q q (res G P J(G)) 
; as required.
